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Ph ■ Introduction 

< 

The qualitative theory of quasilinear elliptic equations with variational structure has been a 

i > 1 

rapidly developing field for several last decades. In this paper we study the multiplicity effect 
for a model boundary value problem 



— A p u = u q 1 in VLn] u > in f2#; u = on (1) 
where = B^ +1 \ B 7 ^_ 1 is a spherical layer in M n , A p u = div (| Vw| p_2 Vu) is p-Laplacian, 



i - H _ I 

p n 



> 

l<p<oo,g>p and R > 2. Denote by p* the critical Sobolev exponent, which can be defined 
t^* ! / 
O ' from equation 4r = ( - 

Multiplicity of solutions to the problem ([I]) in the expanding annuli was studied in a number 
. of papers, starting with a seminal paper [6] . The term "multiplicity" means that for any natural 
K there exists Ro = Ro(p,q,K) such that for all R > Ro the problem (TjQ) has at least K 
nonequivalent (i.e. not obtainable from each other by rotations) solutions. Multiplicity in the 
case p = 2 was proven in [6] for n = 2 and in [12] for n ^ 4. In these articles solutions of the 
boundary problem ([!]) were obtained as points of global minimum of functional 



J[ u ] = / \Wu\ p dx / ( / \u\ q dx) q (2) 




on spaces of functions with certain symmetries. The case n = 3 was treated in [5]. Here, 
the solutions are obtained as local minimizers of functional ()2]). Solutions obtained in these 
papers concentrate in the neighbourhood of discrete set of points. Solutions concentrating in 
the neighboourhood of manifolds were constructed in [TD]. Many other papers are devoted to 
semilinear case, but their methods cannot be applied directly to quasilinear problem ([1]) in case 
of general p G (1, oo). 

Multiplicity of solutions for equation with p-Laplacian was proven in jl] for n = 2 and in 
[2] for n ^ 4. Three-dimensional case was treated in [8]. By solution hereafter we mean a 

o 

weak solution of class (Qr). As in semilinear case, solutions constructed in these papers 
concentrate in the neighbourhood of discrete set of points. Note that multiplicity of solu- 
tions constructed in all mentioned papers arises only for q 6 (p,Pn)- The existence of several 
nonequivalent solutions concentrating in the neighbourhood of manifolds was proven in [2] . 
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We establish the multiplicity of solutions to the problem ([T]) in case of n = 4 or n ^ 6, 
arbitrary p and q G (p,Pn-i) (note that p^-i > p* n if p < n). Solutions we will present 
concentrate in the neighbourhood of certain curves. 

The structure of paper is as follows: Section 1 contains some auxilary lemmas and defi- 
nitions. Multiplicity of solutions in K 4 is obtained in Sections 2,3 and 4. Sections 5 and 6 
cover the multiplicity effect in R n , n ^ 6. A more general construction of multiple solutions is 
considered in Section 7. 

Let us introduce some notation. / = or{1) means that lim / = 0. All functions subscripted 

i?— s>oo 

with R have a support inside Qr and are continued to W 1 \ Qr with zero values. All sequences 
of radii Rj are considered increasing with respect to j and tending to infinity as j — > oo. When 
we consider sequences ur. or xr., we omit the index j. 

The ball of radius p with center x in MJ 1 will be denoted B™(x). If x = 0, we will omit the 
center and if dimension of containing space is evident from context, we will omit the dimension. 

o 

We use the standard notation L p (Q), Wp(Q), Wp (fl) for the functional spaces. || • \\ p stands 
for the norm in L p (M. n ). 

L q (u,ro) is the weighted Lebesgue space, i.e. the space of measurable functions such that 
J \u\ q \vdx < oo. Wp (oj, to) is the weighted Sobolev space, i.e. the space of weakly differentiable 

functions such that f (\Vu\ p + \u\ p )tt)dx < oo. 

Let Q be a closed subgroup of 0(n). We define by 23g(x,p) a £-tube: 

%g(x, p) = {gy\g e G, \x - y\ < p} . 

o 

Cg stands for the space of ^-invariant functions from Wp 1 (£Ir). 

Consider a 1-homogeneous map P : Qr — > Q' R = PQr. Points in PQr will be denoted as 
Px. Given Q C 0(n), suppose that Px = Py only if x and y are equivalent up to action of Q, 
i.e. there exists g G Q such that y = gx. Consider a ^-invariant function / : Qr — > K. The 
function Pf : Q' R — > R defined by (Pf)(Px) = f(x) will be called transplant of function / 
under action of map P. As P is homogeneous, PM. n is a cone and PQr is a part of spherical 
layer in appropriate euclidean space. 

J m is the identity m x m-matrix and is the 2 x 2-rotation matrix: 

T = ( cos ^ sin ^ \ 
1/3 I — sin(<^) cos((f) J 

Constants depending only on n, p and q are denoted by C. 



1 Auxilary lemmas and definitions 

This lemma is a variant of Lemma 1.1 in [TT1 part 1]. 

Lemma 1.1. Let G(s) be a positive function. Consider a sequence Uj of Q -invariant functions 
and suppose that L n G(uj)dx is finite for all j. Consider a sequence of points in Xj G M n . 
Then, passing to subsequence if necessary, one of two following statements holds: 

1) (concentration) There exists A G (0, 1] such that for any e > there exist p > and jo 



such that for any j ^ jo there exists a sequence p'(j) tending to infinity such that 



J G{uj)dx — A J G{uj)dx 



+ 



+ 



/ CWM 1-A)/ C (,)i <ej G (u,)d*- (3) 



j«Vb 6 00) K 
^ (vanishing) For all p > t/ie following statement holds: 



I G{uj)dx 



j->°o J G(uj)dx 



0. 



(4) 



Proof: Let a.,- = J G(uj)dx. Consider functions 



1 



h(p,j) = — / G(uj)dx and i(p) = lim h(p,j). 

dj J j-^oo 

i(p) is a nondecreasing and bounded function of p, so we can consider A = lim i(p). If A = 0, 

then for all p > i(p) = holds, i.e. statement (J4]) (vanishing) holds. 

Suppose that A G (0, 1]. Fix e > 0. There exists such p that z(p) ^ A — |, if p > p . Fix 
such p > p . Then by lim j) ^ A — | we obtain that there exists a subsequence j m such 



that j m -)• oo and h(p,j m ) ^ i.e 



— / G(u,-)da; ^ A . 

a, J JJ 4 



(5) 



On the other hand, i(p) ^ A for all p. Let sequence p m tend to infinity. Then for any m there 
exists jo,m such that h(p m ,j) ^ A + | for all j > jo,m, i-e. 

1 



G(u jm )dx < A + -. 



(6) 



B Q( x im.>Pm) 



Thus 



G(u jm )dx - A 



2 



From ([6]) we obtain ^- / G{u,j m )dx ^ 1 — A — f . On the other hand, from ([5]) we 



l n \Bg(x jm ,p m ) 



obtain i / G(u Jm )dx < i / G( UjV J ^ 1 - A + §. Thus 



« n \Be(^Vn,Pm) 



*- n \Bg(x jm ,p) 



1 - A 



G(u jm )dx 



^\Bg(x jm ,p m ) 



e 

< -. 
2 



□ 



Remark 1.1. Sequence Xj for which inequality (|3]) holds is called concentration sequence 
for sequence Uj. 

For brevity, we will say "sequence Uj has concentration sequence xf instead of "sequence 
Uj has subsequence Uj k such that Xj k is concentration sequence for Uj k . 

Remark 1.2. Sequence of radii p'j can be replaced with any sequence of radii /?'■ for which 
p'j ^ pj for all j and p'j —> oo as j — >■ oo and p can be replaced with any greater constant 
p' without breaking inequality Obviously we can assume without loss of generality that p'j 
tends to infinity as slowly as desired. 

Remark 1.3. Two sequences of points Xj and yj are called equivalent if there exists C > 
such that for all j dist(Qxj, Gyj) = mm g< =g \xj — gyj\ < C . 

Increasing p and decreasing p'j if needed we can ensure that application of Lemma \1.1\ to 
equivalent sequences Xj and yj yields either ^ or (EJ] with the same A simultaneously. Hence 
in what follows we will consider concentration sequences up to equivalence. 

Lemma 1.2. Let Uj be a sequence of Q -invariant functions. Suppose that Xj is not a concen- 
tration sequence for Uj. Fix e > 0. Then there exists a sequence of radii pj — )■ oo as j — >■ oo 
such that 

J G{uj)dx < e J G{uj)dx. (7) 

Proof: Define 

f G{uj)dx 

F(j,r) = 



I G(uj)d. 



x 



Take j\ such that for any j > j% inequality F(J, 1) < e holds. Select r > such that F(r ) < e 
for all j ^ j Q inequality F(J, r ) < e holds and put pj = r for j ^ j\. 

Now take j 2 such that for any j > j 2 inequality F(j, 2) < e holds. Without loss of generality 
we can assume that j 2 > j\- Put pj = 1 for j e (ji,j 2 }- 

Suppose now that we have constructed pj, j ^ jk such that 1) F(j,pj) < e for any j ^ j k , 
2) F(j, k) < e for any j > j^, 3) jk > k, and 4) pj k — k — 1. Take j^+i > jk such that inequality 
F(J, k + l) < e holds for any j > j k+1 and put pj = k for j e (jkijk+i] ■ By induction, we obtain 
a sequence pj such that © holds. □ 

From now on we will assume that all sequences Xj are tending to infinity and their projections 
on unit sphere converge. By convention, if sequence is indexed with Rj rather then j, we assume 
that \xr. \ = Rj. We recall that by convention Rj — > oo as j — > oo. 

Next two statements are well known and we state them without proof. 

Proposition 1.1. (Lemma 14 $/) Let V = {(R,Q)\R 6 (R - 1,R+ 1),6 G S} be the 

o 

intersection of spherical layer with a cone built upon the set S C § n . Let p < q < p* , u GM^ 1 (Q), 
v = u\x>. Assume that S is "large enough" in following sense: any straight line parallel to 
coordinate axis and intersecting T> intersects &D at {R — 1, R+ 1} x S , i.e. where v — 0. Then 

HI 5 < c ||Vf ||p, 

where Co does not depend on R. If p ^ n, this inequality also holds for q = p* . 

Remark 1.4. Any domain S C §„ satisfies conditions of Proposition [7T71 if R is large enough. 



Proposition 1.2. (Lemma 3 ' t 8]) Let sequence ur be bounded in W p x (£Ir), let q G (p,P*), and 
let for some p > 



lim sup / \uR\ q dx = 0, 
R-+oo xeoj J 

B(x,p) 

where oj is an open set in M n , such that \oj D B(x , p)\ ^ Ap n for all x G u with constant A > 
independent of p and x . Then J \uR\ q dx — > as R — )■ oo. 

Next two lemmas allow to freeze weight functions in integral functionals. First lemma is 
elementary, so we give it without proof. 

Lemma 1.3. Let Vj G Li(R", tt>). Suppose that for some Xj G supp v.,- following condition 
holds: 

max \xo(x) — to(xi ' 



rrGsupp v 



mm Vo[x) 



"J /I 

s-0 as j — > oo. 



Then 



Lemma 1.4. Leip > 1. Lei ro : D C R" -> 1 6e a nonnegative function. Let A, Bj : V — > 

fre nonnegative matrix functions. Let Vj be a sequence of functions such that 



/ (A(x)Vu,-, Vfj)2 ro(x)c/x < oo. 

J SUPP D,- 



' SUpp Vj 

Assume that 

\(( B j( x ) ~ M X ))C, 01 < (^O)C, • Oj(l) 
/or a// x G supp u,- and ( G 1" wi/i some Oj — > as j — >■ oo. 
TTien 

y (Bj(x)Vvj, Vvj)* to(x)dx = J (A(x)Vvj, Vv^ Xo{x)dx ■ (1 + 0^(1)). 

supp 'Uj supp iy 

Proof: We will need the following inequality: 

|a + 6| s ^ |a| s + C(s) (\a\ s ~ l \b\ + \b\ s ) . (8) 
It holds for all a, b G E^, s > 1. It follows that 

||o| s - \a\ s \ <: C{s) (\a\'- l \b-a\ + \b - a\ s ) (9) 
Suppose that p ^ 2. Inequality (jHJ) provides that 

y (Bj(x)Vvj, Vvj)* to(x)dx - J (A(x)Vvj,Vvj)2 to(x)dx sC 

pp tlj SUpp 

y (((^-(x) - A(x))Vu,-, V^-)| (A(x)Vv j ,Vv j )*~ 1 K>(x)dx+ 

+ y |((-B,-(a;) -A(ar))Vvj, Vvj)\%tt)(x)dx 



SUpp l>j 



SUpp Uw 



Consider the last term: 



SUpp SUpp Dj 

Applying Holder inequality to first term, we obtain 

J \{{Bi(x) - A(x))V^-,V^)| (A(x)V^,V^) §_1 tt)(x)& < 



SUpp Dj 



/ 




2 
V 


( 




1-2 

V 




- A(x))Vvj,Vvj)\*tt>(x)dx 






2tt>(x)dx 




\SUpp Vj 


> 




\SUpp Vj 


J 





< J (A(x)Vvj, S/Vj)*tt>(x)dx ■ Oj(l) 



SUpp Vj 



Estimate is proven for p ^ 2. If 1 < p < 2, we use concavity of function f(t) = tz. 



(Bj(x)Vvj, Vvj) 2 tt>(x)dx - / (A(x)Vvj, Vvj) 2 m(x)dx 



3Upp Vj 



SUpp Vj 



supp Dj 



< / (A(x)Vfj, Vt>j)2tt)(a;)Gte • Oj(l 



SUpp Vj 



□ 



Remark 1.5. Lei a^- be a sequence of points such that \xj\ — >■ oo as j — >■ oo. Let pj 6e suc/i a 
sequence that jgj -»■ as j oo. Let 6e a sequence of functions such that suppfj C B x . p .. 

1) Let to be a positive m-homogeneous function. Then conditions of Lemma \1.3\ are satisfied. 

2) Let A,Bj be positive ^-homogeneous matrix functions such that A(xj) = Bj(xj). Then 



conditions of Lemma \l-4\ are satisfied. 



Lemma 1.5. Let < A ^ B < C and < r < 1. Let 5 = Consider a following 

minimization problem: /(a, 0, 7) = Aa r + B(3 r + CY —> min with constraints 



l-e^Aa + B/3 + Cj^l; 
Aa < 5; Aa + C7 ^ 5 - e; 
a ^ 0;/3 ^ 0;7 ^ 0. 



(10) 



Taen taere exists such 6q > depending only on A, B, C and r that for any e G (0, £0) minimal 
value of function f with constraints (Q7|) is strictly greater than B l ~ r . 
The same statement holds if < A ^ B and C = 0. 



Proof: Consider an auxilary problem: minimize function / with constraints 



Aa + B(3 + C^ = 1; 
Aa^S; Aa + C-f^S; (11) 
a ^ 0;/3 ^ 0;7 ^ 0. 

If C 7^ 0, the domain given by constraints (jlip is a flat convex quadrangle. / is a concave 
function, hence minimum is attained at one of corners. Values of function / at corners are 



h 


= c l 


~T . 
1 




h 


= (i 


- 5) r B l - 


-r + 5 r c l-r. 


h 


= (i 


- 5) r C l - 


- r + 5 r A 1 ~ r : 


h 


= (i 


- 8) r B x - 


~ r + 5 r A 1 - r 



Obviously < f'2 and f'4 < f'3. f& as a function of 5 attains maximum when 5 = ^jg, and its 
maximal value is (A + £>) 1_r . Then the minimum of function / under constraints (jlip is equal 
to DJl := min ((A + B) 1 ^ , C 1 ^) > B l ~ r . 

If C = 0, constraints (11 ip imply that a = /3 = ijjp, i.e. domain defined by these 
constraints consists of exactly one point. Value of function / at this point is / 4 , which is 
greater than B 1-7 ". 

Constraints (TlOT) are continuous with respect to e, so the domain given by these constraints 
is close to the domain given by pip , and / is continuous, hence its minimum under constraints 
([TO]) is close to DJl if e is small enough. □ 



o 

Lemma 1.6. Let 1 < p < q < 00. Let functions a,b,c &Wp (M. n ) PI L q (R n ) have separated 
supports. Suppose that b ^ 0, c ^ 0, and 

l|V6|g/||6||2 > ||Vc||*/|| C ||«. (12) 

Suppose that function u = a + b + cis normalized in L q {R n ). Then there exists such function 
U that 

U = a if x G R™ \ supp c; 
U q dx = I u q dx = 1: 



\\VU\\><\\Vu\\*-C(b,c); 

Proof: Let 



12 + W 



Consider a function u t = a+ (~J q b+ (^j—^ j 9 c. Then u to = u and, since supports of summands 

are separated from one another, \\ut\\i = 1. 
Consider the function 



P , . P 



f(t) = \\Vu t \\ p p = j \Va\ p dx + (J-^J " j \Vb\ p dx + (j^rf) 9 j \ Vc \ Pdx - 



Then 



-iiv6ir 

to" " p 



1 



^IIVcllJ 



g + llcll r 



[liv&ll 



\Vc\\ p p /\\c\\i\ > 0. 



Since p < q, f is obviously strictly concave. Therefore it is strictly increasing on [0,io]- Thus 
|| Vu \\ p p = /(0) < /(t ) - C(6, c) = || Vu||* - C(b, c). 

A following bound can be obtained after certain evaluations: 



/(0) < /(f) < /(*„) - ^ 



1 - 



IIV&HZ + 



n4\ 



2||c||? + 



□ 



2 4D case. Global and local profiles 

In this section we consider the case n — 4. Let group k ^ 2 be generated by matrices 

T =(? o)' 5fc= ( T f j) and ^=(^ where ^G[0,2vr]. (13) 

Let Go be the group of all TZ V . Let %k be the group generated by matrices T and Sk- 
Orbits of points under action of group Qk have dimension 1, but their topological structure 
may differ. There are three classes of points: 

1. Points that have coordinates (xi, X2, 0, 0) or (0, 0, x^, x±). Orbits of such points have length 
4ir\x\. Their orbits will be called polar orbits. Set of all such points has dimension 2 and 
will be denoted N. For example, points iV = (1, 0, 0, 0) T and TV • R lie in J\f for all R. 

I |2 

2. Points with coordinates (xi, X2, X3, £4) with x\ + x\ = x\ +x\ = ^j-. Orbits of such points 
have length 2/c7r|x|. Their orbits will be called equatorial orbits. Set of all such points 
has dimension 3 and will be denoted M. For example, points M = 0, 0) T and 
M ■ R lie in M for all R. 

3. Points with coordinates (x±, x 2 , x 3 , X4) not mentioned in previous items. Orbits of such 
points have length 4/c7r|x|. These are points of general position. 

Now, points of type 1 and type 2 can be limits of sequence of points of type 3 or general 
position points, but limit of sequence of points of type 1 is always of type 1 and limit of sequence 
of points of type 2 is always of type 2. We represent this with following graph, called degeneracy 
graph for orbits of group Qk- 



general position 




Lemma 2.1. There exist a map Pq '■ IR 4 — > IR 3 , weight function tv(y) and 3 x 3 -matrix function 
A(y) such that 

1. weight function to is 1-homogeneous and strictly positive; 



2. matrix function A is ^-homogeneous and uniformly elliptic; 

3. for any 1 ^ p, q < oo and any Qi-invariant function u 

J \u\ q dx= J \P G u\ q M(P G x)dP G x] (14) 
n R p G n R 

J \Vu\ p dx = J (A(P G x)W(P G u),V(P G u)y tv{P G x)dP G x. (15) 

P G u is called global profile of function u and P G is called a map providing global profile. 
Proof: Let u be a (^-invariant function. Let 

J {x 1 ,x 2 ,xz,x 4 ), if x\ + x\ ^ x\ + xf, 
P (x 1 ,x 2 ,x 3 ,x 4 ) = < 

\{X 3 ,X4,X 1 ,X 2 ), if X\ + X\ > X\ + X\. 

Note that P Q l (x) consists of exactly two points for any x ^ Ai. As mes4.M = 0, we obtain 

J \u\ q dx = 2 J \P u\ q dP x 

£Ir PqQr 



J\Vu\*d X = 2 J \V(P„u)rdP 0X . 

Qr PqQb 



The map Pq excludes the discrete component of symmetry group Q\. Namely P (Qix) is a 
connected set for any x G IR 3 . Let (ri,</?i) be polar coordinates in plane (x 3 ,x 4 ). Denote 
Qi(x 1 ,X2,x 3 , x 4 ) = (x 1 ,x 2 ,r 1 ,ip 1 ) and Pi = QiP . Then 

Pi^r = {(x 1 ,x 2 ,r 1 ,(p 1 ) : 

n > \Jx\ + x 2 2 ^ 0; (P - l) 2 < r\ + x\ + x\ < (R + l) 2 ; < (p x < 2tt}. 

and 

Pi(Gix (0) ) = {{xux^n,^) : y?i G [0,2tt], 



n = n(xW) = const, T^ 1 ( ^ ) = x i 0) ] = const}. 



,(o) 
l 

•''2 / \ 4 



We obtain 



/iv<- 2 /[(^y + i(^y + E(^y 

Let ^ ^ ) = ^ ( X2 )' Define ^2(^1, ^2,n, V?) = (yi,y2,r 1 ,ip 1 ) and P 2 = <?2-Pi- Then 



2 

r\dP\x. 



P-frn = {(yi,V2,ri,(p 1 ) : 



n > \jyl + yl >0;(R- l) 2 < r\ + y 2 + y 2 < (R + l) 2 ; < <p, < 2n} 



and P2(Gix) = {ri = const, y\ = const, y% = const, < <pi < 2n} is a segment of a straight 
line. Let Q 3 (yi,y2,ri,<fi) = (yi, 2/2, and P 3 = Q3P2, so that P 3 ({?ix) consists of exactly one 
point. As function u is constant with respect to ipi, we obtain 



u\ q dx = 4tt / |P 3 w|%dP 3 (a;) 



j \Vu\ p dx = 4n J 



V dri ) 



(V. 



Vv 



+ 



<9(P 3 «) 



d(P^) _ .. d{P 3 u) 
dyi 

d(P 3 u 



dy 2 



+ 



2tt 



l(P 3 x)V(P 3M ),V(P 3M ) 



dy 2 
ridP 3 x 



rxdPzix) 



(16) 



where 



/ 1 



A(P G (x)) 



I ^2 
' 1 
V1V2 



ViD2 



1 + 4 



V 



0\ 



1 / 



(17) 



Let 





Matrix A has eigenvalue 1 of multiplicity 2 with eigenvectors (1, 0, 0) T , (0, £ T ) T and eigenvalue 
l^^L of multiplicity 1 with eigenvector (0,i] T ) T . Due to inequality \P 3 x\ ^ T\ ^ we obtain 

ICI 2 ^ (l(P 3 a;)C,C) «S 4|C| 2 for all P 3 x G P3M 4 , C e Taking P G = P 3 and to(P G x) = ^kt x , 
we obtain identities ( IT4l) and ( fl5l) . □ 

Remark 2.1. Lemma lKTl holds for u G £g with support bounded away from plane {xi = x<i = 
0}. Indeed, one can put P G = Q1Q2Q3, K>(Pg x ) — 2nr 1 and A(P G x) given by ffTTI) . 

Lemma 2.2. Let v G Wp(P G VLn) and v = on P G (dQn). Then there exists a unique function 
u G Cg 1 such that P G u = v. If v is invariant with respect to the group generated by matrix 







then u G £g k . We will say that function u is recovered from global profile v and denote it 

Proof: For any x G M 4 the map Qo = Pq maps orbit Q\X to a connected set, maps Q\ and 
Q2 are bijections and Q 3 maps P2(Gix) to a single point. Let function w be defined by identity 
w(ri, <fi, 2/3, Va) = v(n, y 3 , 2/4)- Define u by identity 



u(x 1 ,x 2 ,x 3 ,x 4 ) 



(Qi 1 Q2 lw ){ x u %2, x 3 , x 4 ), if x\ + x\ ^ x\ + x|; 

(Qr 1( 32 1-u; )( :r 3 ) #4, %l, X 2 ), if X 2 + x\ < x\ + x|. 



Obviously, function u G £g x and P G u = v. □ 
Next corollary is a special case of result of [H] , but we give it with full proof for reader's 



convenience. 



Corollary 2.1. Let 1 ^ q < p%. Then Cg k is compactly embedded into L q (Q R ). 

Proof: By flU), dH £ 01 W^P^rO M^(P c fi fl ) and L q (P G n R , n ) 9* L q (P G Q R ). 
If 1 ^ q < pi, embedding of (P G fl R ) into L q (P G fl R ) is compact. □ 

Corollary 2.2. There exists such Co that for all u G £g fc 

c Rp~q \\u\\ q ^ ||Vm|| p , (19) 

where c does not depend on R. 

Proof: By (TH]) and f|T5|) we have for any v R G 



J\Vv R \*>dx = C J (A(Pax)V(P(& R )MP&R)) %, ridPGX> 



Pg^r 



p 

>CR j \V(P G v R )\ p dP G x^CRl J (P G v R ydP G x\ ^ 



Pg^r \Pg^r 



> CP 1 "? 







) 9 = CRl ' tq 1 


^jv q R dxj 







Inequality denoted with * holds by Proposition 11.11 □ 

Lemma 2.3. Let x R be a sequence of points, such that the type of their orbits does not depend 
on R. Suppose that 

1) u R G Cg k is a sequence of functions supported inside *Bg fc (xH, Pr), where p R = R ■ o R (l) 
and 

2) If x R is a sequence of points of general position, suppose additionally that dist^^, M U 
M)-p R ^c>0. 

Then there exists a sequence of maps P R such that 

J \u R \ q dx = me Sl (Qx R ) J \P R u R \ q dP R {x) ■ (1 + o R (l)), (21) 

ft R PrQr 

J\Vu R \Pdx = mes 1 (gx R ) J \V{P R u R )\*>dP R {x) - (1 + o R (l)). (22) 

fl R Pr^r 

The same statement holds if group Qk is replaced by Qq. 

Function P R u R is called a local profile of function u R . Such a sequence of maps P R is 
called a sequence of maps providing local profile (SMPLP) centered at x R . 

Remark 2.2. Condition 2 is not automatically implied by condition 1. For example consider 
sequence x R = (a/P, 0, V R 2 — P, 0) T and p R = R±. Then x R are of general position but 
dist(xfl,jV) = VR~ = p! • o R {l). 

Proof: First we consider ^o-hivariant functions. 

Without loss of generality we can assume that {x\ + x1)\ x=x ^ (x\ + x"l)\ x=x . Thus we 
can assume that x\ + x\ ^ + %l) for all x G suppw^ if R is large enough. 



We put £ R = £| p g x=p g x r and t)r — t)\p gX= p gXr with £ and 77 introduced in (|18p. 
Freezing coefficients in identity ( TT6|) by Lemma 11.41 and Remark 11.51 we obtain 

fd(P 3 u R )\ 2 



J \Vu R \ p dx = 2n J 



P 3 Qt 



V dri J 

2 



+ 



(H(|>^) 



+ 



ri d(P 3 x)(l + o R (l)), 



where I 2 



r f+y'i+y'i 



If xp G A/ , Z = 1 and we can put P R = Pa- 
Suppose that x R N . We put D = [^r,^^ 1 and 

= D 



Z-2 



Vi 
IJ2 



(23) 



and let P^rx = (zi,Z2,ri). Note that P^rXr = (zi,0,ri) T , and functions P^rUr have support 
in B(P^ R x, pr). We obtain 



\Vu R \ p dx 



2tt 



d(P4, R UR) \ 2 | f d(Pi, R u R ) \ 2 | 1 f d{P itR u R ^ 2 ^ 
dr x ) \ dz 1 ) I 2 \ dz 2 



rid{Pt iR x){l + o R {l)). 



Let (r 2 , 6) be polar coordinates in plane (z\, z%) and let P$,rx = (r 2 , ri). Note that P§ t RXR 
(r2,0,ri). We obtain 



\Vu R \ p dx = 2?r 



d(P 5 ,RU R ) 

dri 



I > n 1 ■ 2n\ f d(P 5 ,RU R ) 

+ I cos 6 + — sin # 1 ' 



<9r 9 



+ 



o 1_ _ A sin 6 cos d(P 5t RUR) d(P 5tR u R ) 
P J r 2 dr 2 06 

■ 2 a , 1 2^ 1 f d(P 5 , R u R ) \ 



+ sin 



Applying Remark 11.51 and Lemma 11.41 once more, we obtain 



r 2ri d{P 5>R x){l + o R {l)). 



\Vu R \ p dx = 2vr 



d(P 5 
dr 



d(P 5 , R u R ) 



dr 7 



+ 



1 1 f d{P 5>R u R ) 
Pr 2 { 86 



2 -1 £ 
z n 2 



r*rid{P s , R x)(l + o R (l)). 



We set ip = 16 and P^ R x = (r 2 , ri). Then 



j \vu R \ p dx = 2tt y 



d{P&, R u R ) \ 2 ( d(P 6jR u R ) 



dri 



dr 7 



+ 



1 fd(P 6>R u R ) 



dib 



r 2 r j-d(P^Rx)(l + o R (l)). 



Now we unfold polar coordinates (r 2 ,ip) to Carthesian coordinates (Zi, Z 2 ) and put P 7}R x 

:tion 

'd(P 7r 



[Zi, Z2,r%). Freezing weight function y with Lemma [1.3[ we obtain 

2 4 



\Wu R \ p dx = 2ttR 



P 7 ,ru r ) \ >p ( d(P 7 , R u R ) \ 
dri J U\ dZ j J 



d(P 7iR x)(l + o R (l)). 



Finally we ensure that supports of profiles of functions with disjunct supports are disjunct by 
putting P 8 , R x = (Yi, Y 2 , ri), where 

Y, ) = D " ( I 



Then 



J \Vu R \ p dx = 2nR j \V(P 8 , R u R )\ p d(P 8jR x)(l + o R (l)). (24) 



Similarly we obtain that 

J \u R \ q dx = 2ttR J \P 8>R u R \ q d{P 8>R x)(l + o R {l)). (25) 

Mr Ps,R^R 

This proves that P R = P 8 , R is an SMPLP for sequence x R and group Qq. 

Now let u R be a sequence of (^-invariant functions. Let E R be the connected component of 
suppw/j that contains x R , and let v R — u R - Xe r - Note that v R is ^ -i nv ariant. If gx R £ Qox R 
for some g £ % then v R (gx) = v R (x) for all x £ suppfR. Otherwise, condition 2 provides that 
supports of v R (gx) and t>i?(x) are disjunct if gx R £ Qqx r . Also, 

u R = ^^2v R (gx), (26) 

where 

fc, if x R is of general position; 
C = #{g £ £ fe?} = <( 2fc, if x R £ jM; 



fc 2 , if x R £ A/". 



Thus we obtain 

,2 



/2k r 

\u R \ q dx = 2*R— I \P 8 , R v R \ q dP 8 , R x ■ (1 + o R (l)), 

/2k 2 r 

\Vu R \*>dx = 2-KR— I \V(P 8 , R v R )\ p dP 8jR x-(l + o R (l)), 



Qr Ps,r^r 

where ^ is the number of connected components of QkXR. Noting that mesiQ^XR = 2ttR^-, 
we obtain and (j22|). □ 

Remark 2.3. Note that SMPLP is not unique. Let Pr be a SMPLP. Suppose that K C 
M 3 is an open cone that contains PrXr and Lr : K — >■ M 3 is a sequence of C 1 maps with 
following properties: 1) Lr is 1-homogenious; 2) Lr(PrXr) = PrXr; 3) J^p^ 
Then L R (P R (-)) is also SMPLP. 



= h- 

X=X R 



We need a way to reconstruct a sequence of functions from a sequence of their local profiles. 
We have to consider three subcases: 1) general case, i.e. sequence xr is not equivalent to any 
sequence lying in M. U Af; 2) xr G Af; 3) xr G M.. 

Define maps Qi,R,i = 4, . . . , 8 by identities Qi, R (Pi-i tR x) = P^ R . These maps are bijections. 

o 

Let Ur be a sequence of local profiles centered at sequence PrXr, i.e Ur GVFp (PrQr) and 
supp U R G B(P r xr, p R ), where p R = R- o R (l). 

In case of general position we suppose additionally that dist(x r, Af U A4) — pr ^ c > 0. We 
can consider a sequence of functions u R = PqQ^r ■ ■ ■ Q^rUr. Obviously PrUr = Ur. 

In case of polar orbit sequence we can use the same argument. However, profile must have 
a nontrivial symmetry group generated by matrix 



k 









In case of equatorial orbit sequence we may still use the same argument, but profile must 
satisfy a certain nonlinear symmetry. Namely, introduce spherical coordinates (r, ip, 9) in space 
{ji, Y 3 , F 4 ). Then v r(t, ip, 9\) = v R (r, ip, 9 2 ) must hold if 9\ + 2 = § ■ For matter of convenience 
we will introduce additional maps so that symmetry would be linear. Namely, let Pg jR (x) = 
(r, ip, 9). Then P 9jR x R = (r, ip, f ) and 



j \Vu R \ p dx = 2-KkR J 



Pa n flr 



dr I 



89 J 



d{P 9 ,RU R ) \ ' 



., . , , , r 2 sin 9d(P 9 . R x) ■ (l + o fl (l)); 

rsm 9 \ Oip J 

J u p R dx = 2-KkR J (P 9 , R u R ) q r 2 sin 9d{P 9 . R x) ■ (1 + o R {l)). 
Using Remark 11.51 and Lemmas 11.31 and 11.41 to freeze the coefficients, obtain 

2 1 / o/n \ \ 2 



iVw^cfa; = 2^^ 



9(P 9 , 
dr 



+ 



2_ / gC^gng) V 
r 2 \ dip J 



,rUr) \ 1 ( d(P 9 , R u R ) \ 
)r J r 2 \ 89 J 



r 2 —d{P 9 . R x)-{l + o R {\))- 



J u p R dx = 2M J (P 9 , R u R ) q r 2 -^=d(P 9 .Rx) ■ (1 + o R (l)). 

Qr P9,R^R 



Let 6 = 6> + = -j=, unfold spherical coordinates (r, 6, $) into carthesian coordinates 



(si, s 2 , s 3 ) and let Pw, R (x) = (si, s 2 , s 3 ). We have 
y |V«ii| p dx = 27rAsi2 ^ 



Of 



f 1 isflf 



( d(p w , RUR ) y ( d(p 10>RUR ) y 
V 9si y V ds 2 J + 



1 a> 3 ; 



d(iW) -(1 + 0^(1)); 



u\dx = 2irkR J (P 10 , R u R ) q d(P 10 . R x) ■ (1 + o R (l)). 

Pio, r is SMPLP while symmetry constraint becomes linear, namely {P R u R )(si, s 2 , s%) = 
(P R u R )(si, s 2 , — S3). Now we rotate coordinate system again so that Pu,rx r = Ps, R x R to 
ensure that profiles of functions with disjunct supports have disjunct supports. Now we can 
define the recovering map Pii R on any sequence of profiles with a certain mirror symmetry. 

Note that in all function can be recovered from an axially symmetric profile. 

The next lemma is a variant of Proposition 11.21 for (^-invariant functions. 

Lemma 2.4. Let p G (l,oo) and q G (p,p%)- Let sequence u R G £g k be such that ||Vwr|| p ^ 
CRp 1 and suppose that for some p > 



sup / u q R dx = o R (l). 

reR 4 J 



»ff fc (*,p) 



Then J u\dx = o R (l) 
n R 



Proof: By Lemma [2.11 we have for v R = P G u R 

J {Vv^dPax^dR- 1 ;, 

Pg^r 

p / \v R \ q dP G x = R' 1 -ofl(l). 

2fl J 



sup 



P G (<Bg.(x,p)) 



Let w R = R iv R . Then 



J \Vw R \ p dP G x^C u 



Pg^r 



sup 

xeftR 



\w R \ q dP G x = o R (l) 



Sequence w R satisfies conditions of Proposition 11.21 so 



J \w R \ q dP G x = o R (l), 



Pg^r 



and the statement follows by Lemma 12.11 



□ 



Remark 2.4. Suppose that sequence u R G Cg k be such that \\S7ur\\ p ^ CRp * and J \UR\ q dx i3 

R 4 

c > /or some q G (p, one? some c independent of R. Then for any p > 



lim sup / |iiR| 9 d:c > 

R-^oo x&R 4 J 

Hence sequence ur has at least one concentration sequence. 

3 4D case. Separation of concentration sequences 

Lemma 3.1. Letv R be a sequence of Q^-invariant functions. Let sequence xr be a concentration 
sequence forvR, i.e. for any e > there are such radii p > and p'(R) that holds. Without 
loss of generality suppose that p'(R) satisfies conditions of lemma [Ol Consider Qk-invariant 
cut-off function a such that 

a(x) = 1 if x G ^Bg k (x R , - P ' l> ' ' 



a{x) = 1 if x£*Bg k {x R , 



6 

p + 5p'{R) 
6 



/ x n M , 2p'(R)+p xx M . p'(R) + 2p, 
a(x) = if xe<Bg k (x R , ^ V )\<Bg k (x R ,^^ q 

i 12 



P'(^)-P' 



Then 



J \av R \ q dx > (1 - e) y (27) 
J \V{av R )\ p dx = J \Vv R \ p dx(l + o R (l)). (28) 



n R q r 
Proof: Inequality in (12"T1) holds due to ([3]). Further, by the estimate (jSJ) we have 



J \V(av R )\ p dx^ J \Vv R \ p dx+ 



Ci I / |V^||Va| p - 1 M p -V dx+ I \v R \ p \Va\ p dx 



R 



Estimate the last term: 



J \v R \ p \Va\ p dx ^ C 2 (p'(R) - p)- p J \v R \ p dx < 

Q.R suppVcr 



^ C2(p(R) — p) p (mes4 supp Vo) 1 « I J \v R \ q dx 



Since mes4supp Vc ^ CR(p'(R)) 3 and p'(R) — > oo, we have 



J \v R \v\Va\v dx < CaC/t/CiZ))^"!- 1 ^ 1 -. I 1 M 



C^ 1- ' ( J \v R \" dx\ ■ o R (l) *C y |V^|^x • o(l). 



Relation * holds because q < p%, and last inequality holds due to f[T§j) . 

By the Holder inequality the second term is also J \Vv R \ p dx ■ o R (l), and (|28|) follows. □ 



Remark 3.1. If sequence v R has two nonequivalent concentration sequences x R and y R , one 
can present a cut-off function that separates neighbourhoods of both concentration points from 
one another and from neighbourhood of infinity. Fix e > and let pi,p[(R) and p2, p' 2 (R) be 
the radii in inequality |3j) for x R and y R respectively. Now we use Remark \1.2\ to introduce new 
exterior radii 

p"(R) = min ^ min {x R - gy R \g G £ fc }J < Pi(R),i = 1,2. 

Let a and r be the cut- off functions constructed with these radii centered at sequences x R and 
y R respectively. Then supports of 1 — a and 1 — r have an empty intersection, and estimates 
fl27|) and fl28|) are satisfied for cut- off function a' = ar. 

Cut-off function which separates neighbourhoods of several concentration sequences and 
neighbourhood of infinity can be constructed similarly. 

Remark 3.2. Cut-off function a' equal to a on connected components of supper that have 
nonempty intersection with set A and equal to zero elsewhere is called component of a sep- 
arating A. 

Lemma 3.2. Let v R be a sequence of Qk-invariant functions. Suppose that sequence x R is not 
a concentration sequence for v R , i.e. for any e > there are such radii p'(R) that (fTD holds. 
Without loss of generality suppose that p'(R) satisfies conditions of lemma [Ol Consider Qk- 
invariant cut-off function a such that 



a(x) =0 if x e *Bg k (x R ,p'(R)) 
a{x) = l if x?<B gk (x R 2p+ ? {R) ] 



lVo-1 ^ 



P'(R)-P 



Then estimates (l27j) and (1281) hold. 

Proof of Lemma ET21 repeats the proof of Lemma IXTl using inequality (j7|) instead of (J3J). 



Lemma 3.3. Let r be a component of a separating GkX R . Then one can choose external radius 
p'{R) in definition of a such that tu r satisfies conditions of Lemma \2.3[ 



Proof: Suppose that condition 1 of Lemma [2.31 is not satisfied. Then p'(R) ^ cR, and we 
use remark [L2l to introduce new exterior radius p"(R) = cyf~R~, which satisfies condition 1. 

Suppose now that condition 2 is not satisfied, that is, xr is of general position, dist(x#, M. U 
M) — > oo as R — > oo but the inequality dist(xR, M. U Af) — p'(R) ^ c > does not hold. We 
use Remark 11.21 to introduce new exterior radius 

p"(R) = -dist (x R ,M U A/") 

and condition 2 is satisfied. □ 



4 4D case. Construction of solutions 

If we minimize quotient (j2J) on (^-invariant functions, the only concentration orbit will be the 
orbit with minimal length, namely N-R (see [2]). We will construct local minimizers of quotient 
(J2J) concentrating in the neighbourhood of locally (but not globally) minimal orbit. Following 
the general idea of [5], we require that denominator of quotient © is bounded away from zero 
in neighbourhood of chosen orbit. 
Consider the set 

A K = {xeR n : distfx, M) < (29) 

where x > is such that N ■ R ^ A K . We minimize J[u] on the set Cg k of functions v € Cg k 
such that 



\v\ q dx = 1, (30) 

n R 

\v\ q dx ^ {1-6) J \v\ q dx (31) 
where 5 will be chosen later. 

Lemma 4.1. Minimum of functional on the set Cg k is obtained. 

Proof: Since by Lemma [27T1 embedding of Cg k into L q (VLji) is compact, the set Cg k is weakly 

o ^_ 

closed in Wp (£Ir). Functional J[u] on the set Cg k coincides with convex coercive functional 
||Vw||£. Hence minimum is obtained. □ 

Remark 4.1. Obviously substitution of \v\ into functional (0|) yields the same value as v. So 
without loss of generality we can assume that v ^ 0. 

Lemma 4.2. Let ur be a sequence of minimizers of functional (|2j) on the set Cg k . Then 

JIurI^R 1 -*. (32) 
Proof: Lower bound follows from Corollary 12.21 

Let us obtain the upper bound: let Pr be an SMPLP for sequence M ■ R. Take an arbitrary 

o 

radially symmetric positive function V £.W p l (Bf(0)), consider a sequence of profiles Vr(Prx) = 
V(Prx — Pr(M ■ R)) and recover ^-invariant function vr. This function satisfies inequality 
(l3Tj), and relations (J2U) and ([22]) yield J[v R ] ^ di? 1 "? . □ 

Lemma 14.21 and Remark 12.41 prove that any sequence of minimizers ur has concentration 
sequences. Next three lemmas describe possible concentration sequences. 



Lemma 4.3. (Unique orbit principle) Let ur be a sequence of minimizers of functional (J2J) on 
the set Cg k . Then ur cannot have more that one concentration sequence inside IntA^, inside 
ExtA x and on dA^. 

Proof: Assume the contrary. For instance, let xr and i/r be two concentration sequences 
inside IntA x with weights Ai and A2 respectively. Remark 13. II states that there exists a cut-off 
function a such that estimates fl27|) and fl28|) hold. Let 0\ be a component of a separating 
Qk^R-, cr 2 be a component of a separating GkUn and a = a — u\ — u 2 . Let P R and P R be 
SMPLPs centered at xr and vr respectively. By Lemma 1331 we can consider profiles P r \gxUr) 
and P R {(T2 u r)- We can assume that profiles P r \<7iUr) and P r \o- 2 ur) are defined on the 
same spherical layer ur C M 3 and their supports are separated from one another. Introduce 
b = P r \o~iUr) and c = Pr\o- 2 ur) and assume without loss of generality that inequality ( TT2|) 
holds. Applying Lemma [TI3I to functions a = 0, b and c, we obtain function Vr defined on cor, 
for which 



\v R (t)M = J (4"W*)) 9 + (PR y \c- 2 u R )y)dz, 

iw H (e)i p de < / (iv(p^((r lUfl ))|p + MpW(w R ))\>)dt-iA. 



UlR LJ R 



We denote by Vr the spherical symmetrization of Vr (see [13]), and recover a (^-invariant 
function vr from Vr. By ([211 and (f22l) we obtain 



y = y (((T!^) 9 + {a 2 u R ) q )dx ■ (1 + 0^(1)), 




y |v^| p cfe= y(|V(a lMK )r + |v( ( 7 2Wii )Hfc-// 1 it; 1 -" .(l + o B (l)). 

f^fl XIr / 

Then for function Ur = ctqUr + we have 

J[U R ] < (J[au R ) - ^R 1 ^) ■ (1 + o R (l)) ^ -S-J[u R ](l - // 2 + o R (l)) 

with some [i 2 > 0, which contradicts the assumption that ur is a minimizer if e is sufficiently 
small. Cases of sequences inside ExtA^ and on dA K are proven similarly. □ 



Lemma 4.4. (Minimal orbit principle) Let ur be a sequence of minimizers of functional ([2]) 
on the set Cg k . Then if concentration sequence vr inside Ext A H exists, it lies in M , and the 
concentration sequence xr inside liAA K lies in Ai. 

Proof: Let vr be the concentration sequence inside ExtA^. Assume that i/r is not equiv- 
alent to any sequence in A/". By Lemma 14.31 N ■ R is not a concentration sequence. Let o~i 
be a cut-off function separating neighbourhoods of Gk%R and infinity, and let a 2 be a cut-off 
function clearing the neighbourhood of Qk{N -R) (these functions are given by Lemmas 13. II and 
13. 2p . Assume without loss of generality that supports of 1 — <j\ and 1 — a 2 are disjunct. Let 

o~ = oyo 2 and let r be a component of a separating Q^xr. Put X R = J {ru R ) q dx. Without loss 

n R 

of generality we can assume that A.r — > A > 0. 



Let P R ^ and P R be SMPLPs at xr and iV- R respectively. By Lemma 1331 we can consider 
profile P r \tur). Denote by J'r its spherical symmetrization. Let Sr and sr be sequences of 
rotations in M 4 and M 3 respectively such that SrXr = N ■ R and srP r ^xr = P R N \N ■ R). 
Consider a function 

V R (X) = (P<">) (fci/^P^W))) • 

Sequence t># is centered at N ■ R. Since mesi {QuXr) = AnkR and mesi {Qk{N ■ R)) = 4tiR, we 
obtain 

J v q R dx = J (ru R ydx ■ (1 + o B (l)), 
y |Vuij| p dx ^ J \V(ru R )\ p dx-(l + o R (l)). 



Mr 



Define Ur = v r + (a — t)ur. Then 



J U q R dx = J ((a- r)u R ydx + j v%dx = j ((a - r)u R ) q dx + J {ru R )*dx ■ (1 + o R {\)) > 

Ufi Ufi flu flu flu 

>{l-e) J {au R ) q dx > 1 - 2e, 



fi R 



J \VU R \ p dx = J |V((tr -T)u R )\ p dx + J \Vv R \ p dx^ 

fljl f2fl fix 

< [ \V{au R )\ p dx- ( 1 



\V{ru R )\ p dx. 



Using Proposition ll.il we obtain 
^ \ R = J (TURfdx = AnkR J {P R x \ru R )fdP R x) x ■ (1 + o R {\)) ^ 



P^fin 



( 



< 4nkR 



MP R X) (TURWdP R X, X 



/ 



^vrLR) 1 ^ j y |V(r M/? )|^x j • (1 + o*(l)), 



which means that 



\V(Tu R )\ p dx > (^j (InkR) 1 -* ■ (1 + o R (l)) ^ CX^R 1 ' 



Then due to lemma I4~2l we have 

J[Ur) < - \, J[u R ](l + o R (l)) 

with some fi > independent of e, which contradicts minimality of ur if e is small enough. 
The case of IntA^ is considered similarly. □ 

Lemma 4.5. Let 5 = and let ur be a sequence of minimizers of functional (J2]) on Cg k . 
Then a strict inequality holds in l[3l\) if R is large enough. 

Proof: Assume the contrary: let ur be such a sequence of minimizers that equality holds 
in inequality (13"Tj) . Due to lemma I4T41 sequence ur cannot have more than three concentration 
sequences, and without loss of generality we can assume that sequences inside Int A x and ExtA x 
are M ■ R and N • R respectively. Denote by Kr the concentration sequence on dA K . 

Lemma [3.11 provides a cut-off function separating the neighbourhood of orbit of N ■ R 
and the neighbourhood of infinity such that 

J (r {N) u R ) q dx ^ 1 
J \V(r^u R )\ p dx 

Mr 



4 

/ \Vu R \ p dx{l + o R {l)). 



Cut-off functions r^ M ^ and are introduced similarly. By Remark 13.11 a cut-off function 
T = T W . r ( M ) • satisfies 



'ru R ) q dx ^ 1 — e 

\V{Tu R )\vdx = J \Vu R \Pdx(l + o R (l)). 



Denote by a the component of r separating Qk(N ■ R) U Qk(M ■ R) U Gk(K R ) and consider the 
function (1 — a)u R . By Lemma [3.11 we have 

supp(l - a) = E" \ U gt (N ■ R, iM^l) u *B Qk (M ■ R, ^^M±^)u 

Concentration sequences N ■ R, N ■ R and Kr are cleared, thus by Lemma 14.31 the sequence 
(1 — o~)ur cannot have concentration sequences at all. Since 

||V((1 - a)u R )\\ p ^ \\Vu R \\ p + ||V(<7U fl )|| p s= CRp-^, 

function (1 — a)u R satisfies conditions of Lemma [2.41 Therefore J ((1 — o~)uR) q dx — > 0. Thus 

n R 

f (auR) q dx = 1 + Or(1) and 

J[au R ] = J[u R ](l + o R (l)). (33) 



w 



We denote by r^ N ' the component of a separating the neighbourhood of Qk{N ■ R) and set 
t^Ur. We define similarly functions and and introduce the "normalized 



(TV) 
R 



weights" : 



= in J w R )q<ix ' 



Cr 



2kn 



Ak-K 



P. 



\Vw R K) \ p dx; 



R 



1R 



2kn 



ikrc 



dx. 



Let P { R N) be an SMPLP0 at N ■ R. We denote by W R the spherical symmetrization of 
Pr N \ t ^ N ^ u r) with center at P R N \N ■ R). Introduce similarly the spherical symmetrizations 
W^ M \ of profiles of w R and u>^f ) with centers at P R M \M-R) and P R K \K R ) respectively. 
By construction we obtain 



1 - e R < 4tt • a R + 2kn ■ (3 R + Akir ■ j R < 1 
47r • a R ^ <5 
4tt • a R + Akir -Jr^S-Er, 



(34) 



where e R = 1 — J (au R ) g dx — > as R — > oo. As in proof of Lemma I4.3[ we assume that W 



(TV) 
R ' 



Wf } and W™ are defined on the same spherical layer in M 3 , which we denote by u R , and are 
separated from one another. 

Due to estimates (121 j) and (I22D we have 



| ivwf^de^ ^(1 + 0^(1)); 
I |Vwi M) |X^|(i + ^(i)); 

I |W^|'de<|(l + 0jl (l)); 



(< f) M=§(l + o«(l)) 



J(w R K) m = ^(i+ 0R (i)), 



We show that there exists a function providing a smaller value of functional (|2]) than 
Sequences a R , (3 R and 7^ cannot tend to zero simultaneously, so, passing to subsequence if 
necessary, we can assume that at least one of them is bounded away from zero. From sequences 
~Yi "~tt 5 ~tt we pick ones with denominator bounded away from zero, and from them we select 

the minimal one. 



If it is ^f, we denote m R = a R , fi R = a R , X R = N ■ R, P R = P R (N) and V R = W R 



(N) 



If 



it is we denote m R = b R , /i R = (3 R , X R = M ■ R, P R = P R {M) and V R = W [ R M) . If it is 



x By Lemma [3731 we can assume that w R satisfies conditions of Lemma l2.3[ therefore the profile Pjj \ w r ) 
exists. 



, we denote m R = c R , /j, r = ~/ R , X R = K R , P R = P R (K) and V R = W R K \ Thus V R is the 

7fl 



optimal profile. 

Let be a rotation that moves P R X R to P^N ■ R. Introduce a function 



We introduce function f ^ and wjj in a similar way and consider a function 

(AT) (M) . (K) 

Layout of "humps" of function v R coincides with layout of "humps" of function au R , masses of 
these "humps" coincide too, and "humps" of v R have an optimal shape. Hence 

/ v q R dx = (4vr ■ a R + 2kn ■ R + 4fcvr ■ 7r )(1 + o R (l)); 
Jn R 

[ \Vv R \ p dx = Un ■ a\ + 2kn ■ /?| + Akn ■ 7]) ^(1 + o R (l)) ^ 

*C / |V(t7U fl )| p da;(l + o fl (l)). 
Then, using the first inequality of (JMj) . we obtain 



JH = (4vr ■ a| + 2A;vr • /?| + 4A;tt • T f ) ^£(1 + 0ji (l)) (35) 

and 

JK] ^ J[au R ]{l + o R {l)). (36) 
We set C/r = «1 . It has "humps" only in the neighbourhood of M ■ R, and 



/ U q R dx = 2k7r-fi R (l + o fl (l)); A I W^cfc = 2&tt • m fl (l + o fl (l 



)) 



J[^] = (2fc7r) 1 -f^(l + o fi (l)). 



/4 

PRE 

Let 9Jt be the minimum of function 4n ■ a R + 2kw ■ f3 R + Akir ■ j R under constraints ([3 
Using consecutively f )35|) . (136]) and (153"]). obtain 

1— — 1— — 

< ' J[aUR]{1 + ^ ' j[ur]{1 + 0r{1)) - 

Applying Lemma 11.51 with A = 47r, B = 2kn, C = Akir and 6 = we obtain that 

l— — 

VJt > (2kn) 1 if e R is small enough. Introduce constant c R such that ||cr{7r||^ = 1. Then 
J A (c R U R ) q dx = f nR (c R U R ) q dx = 1, and J[U R } < J[u R ] if R is large enough, which contradicts 
minimality of u R . □ 



Remark 4.2. As a byproduct, we obtain that any sequence ur has exactly one concentration 
sequence xr, and xr G M.. 

Lemma 4.6. Let ur be a minimizer of functional (j2J) on Cg k . Then ur is a positive weak 
solution of boundary value problem §Q if R is large enough. 

Proof: Lemma [4.51 states that constraint j A \uR\ q dx ^ (1 — S) J Qr \uR\ q dx is inactive if R 
is large enough. Hence ur is a local minimizer on the set 







L ell/ 1 


J \u\ q dx = 1 \ 




V.R ) 



By the Lagrange theorem for some AgM following identity holds: 

J {{\Vu R \ p ~ 2 Vu R ,Vh) - \\u R \ q - 2 u R h) dx = V h e C Gk . (37) 

n R 

Due to principle of symmetric criticality (see [9]) ur is a nonnegative solution to boundary 
value problem 

— A p ur = Aw^T 1 in Qr; ur = on OVIr. (38) 

Notice that ur ^ is a super-p-harmonic function, and due to the Harnack inequality for p- 
harmonic functions Q7J) it is positive in Qr. As left-hand side and right-hand side of equation in 
(|38|) have different degrees of homogeneity, a function v = cur with some appropriate constant 
c is a solution to boundary problem p]). □ 

We have thus proven a following 

Theorem 4.1. Let p 6 (l,oo) ; q G (p,^), fc G N, I; ) 2. T/ien t/iere exists Rq = Ro(p,q,k) 
such that for any R > Rq boundary problem ([1]) has a positive weak solution concentrating in 
neighbourhood of Q^iM ■ R). 

Obviously, solutions provided by this theorem have different concentration sets and are 
different if R is large enough. We obtain 

Theorem 4.2. Let p G (l,oo), q G {p,p^}- Then for any natural K there exists such R = 
Ro(p, q, K), that for all R> Rq problem (QP has at least K nonequivalent positive solutions. 



Remark 4.3. If p < A, then p% > p\, thus Theorem \4-^\ provides the multiplicity of solutions 
in supercritical case. 

5 General case with 4D main subspace. Profiles and 
separation of concentration sequences 

In this section we assume that n ^ 6. We introduce decomposition W 1 = M 4 x R n ~ 4 and 
consider a group Q' k = Qk x 0{n — 4), where groups Gk are defined in previous section. Subspace 
Fx = M 4 x {0} will be called "body", subspace F 2 = {0} x IR n-4 will be called "tail". 

Structure of orbits here is more complicated. There are five classes of orbits. 

Points in i*\ are classified as before, namely 



1. Points that have coordinates (x±, X2, 0, 0, 0, . . . , 0) or (0, 0, x$, X4, 0, . . . , 0) T . Orbit of any 
such point has dimension 1 and length 47r|x|. Set of all such points will be denoted Af. 
For example, points N = (1, 0, 0, 0, 0, ... , 0) T and N • R lie in J\f for all R. 



2. Points with coordinates (x±,x 2 , x^, #4, 0, ... , 0) T with x\ 



x l = x l + x \ = Orbit of 
any such point has dimension 1 and length 2kn\x\. Set of all such points will be denoted 
M. For example, points M = (^, 0, ^, 0, 0, ... , 0) T and M ■ R lie in M for all R. 

3. Points with coordinates (xi, X2, X3, x 4 , 0, . . . , 0) not mentioned in previous items. Orbit of 
any such point has dimension 1 and length 4/c7r|x|. 

Other points are divided into two more classes: 

4. Points whose orbits lie only in "tail" subspace. These orbits have dimension n — 5 ^ 1. 
If n — 6, we note in addition that the length of such orbits equals 27r|x|. Set of all such 
points will be denoted Ao- For example, points No = (0, 0, 0, 0, 1, 0, ... , 0) T and No ■ R 
lie in Ao for all R. 

5. Points of general position, whose orbits lie neither in "tail" nor in "body" subspace. 
Dimension of such orbits is n — 4 > 2. 



The degeneracy graph in this case is following: 



general position 



general position in Fi 



First we provide global and local profiles. 

Lemma 5.1. There exist maps Pq, 1, Pg,2 and Pg,3, weight functions to i(Pg,ix) , tt>2(PG,2x) and 
K>3(Pg,3x) and matrix functions Ai(Pg,ix) , A 2 (Pg,2x) and A^Pg^x) such that: 
1) weight roi is 1 -homogeneous, nonnegative and satisfies following inequality: 

ci • dist(x, F 2 ) ^ tt)i(P Gi ix) ^ c 2 • dist(x, F 2 ); 

2) weight ro 2 is (n — 5) -homogeneous , nonnegative and satisfies following inequality: 

c 3 • (dist(x, Fx))"" 5 ^ tv 2 {P G , 2 x) <: c 4 • (dist(:r, Fx))"" 5 ; 

3) tx» 3 = roitn 2 ; 

4) (n — 1) x (n — l)-matrix function A^Pg^x), 5 x 5-matrix function A 2 (P Gj2 x) and 4x4- 
matrix function A 3 (P G 3 x) are ^-homogeneous and uniformly elliptic; 

5) following identities hold for all ^[-invariant functions u and i = 1, 2, 3: 



J \u\ q dx = J \P G)i u\ q XOi{P G ^x)dP G ^x] 

suppu P Gi (supp«) 

J \Vu\ p dx= J (i i (P Gli a;)V(P G)i u),V(PG 1 i«))'tx»i(PG 1 ia:)dP( 

SUPP" P Gii (supp«) 



GAX. 



(39) 
(40) 



Proof: Introduce yi,y 2 ,ri as in Lemma [2TT1 and put P G ,iX = (yi, 3/2, £5, . . . ,x n ) T . Then 



u\ q dx = 4tt J ^aM^dPc^x) 

suppit PG : i(suppii) 

Vu\ p dx = Air 

PG,i(supp«) 



d(P GA u) \ 2 , 1 / d(P G<1 u) djPaxu) V 

Q + — 1(2/2 ~ 1/1 ~ )) + 



SUpp M 



( d(P G>1 u) 



+ 



dy 2 



2 n 
J=5 



ndPa^x). (41) 



Let 



A 

4- 



where A is given by ffTTj) . Putting tt>i = 47rri, we obtain (|39|) and (140]) for i = 1. 
Now let r = a/x 2 + . . . + x\ and put P G)2 x = (xi, • • • , x 4 , r ) T . Then 

y = mes n _ 5 (§ n - 4 ) y |P G , 2 M|% n - 5 rfP G , 2 (x) 



supp u 



Pg, 2 (supp u) 

J \Vur<l X = mes„_ 5 (S-) / [£ (^f^ 



+ 



SUpp M 



-P& 2 (supp u) 



+ 



d(P G ,2U) 

dr 



2 ~i 



r^ 5 dP G , 2 (x). 



Putting ro 2 = mes n _ 5 (S n ~ 4 )r™- 5 and A 2 = I 5 , we obtain (JHSD and (HO) for i = 2. 
Finally, put P Gj3 x = (y 1 ,y 2 ,r 1 ,r ). Let 



A 
1 



(42) 



where A is given by ffTTj) . Putting m 3 = rDitu 2 , we obtain (139]) and (140]) for i = 3 



□ 



Corollary 5.1. Lei 1 ^ q < T/ien £g/ is compactly embedded into L q (Q R ). 

This is a particular case of results of [Hj, but for reader's convenience we give a full proof. 
Proof: Define cones 



/Q = {x|J]x 2 ^ J^x 2 } 



4 



i=5 



/C 2 = {x| ]>> 2 ^ £x 2 } 

j=l j=5 

Apply the map P G i intoduced in Lemma [5TT1 to the cone K\. On P G1 K\ we have r\ ^ y\ + ?/| 
and r 2 + y 2 + y| ^ x\ + . . . + x 2 . Then r 2 ^ ||x| 2 . On the other hand, r% ^ |x|. Thus 
27r(i? - 1) ^ tt)! <47r(i2 + l). 



Then 

P G ,i(A?(knnJ c w^P G ,i(£i no^td) ~ W?(Pg,i(^i no*))- 

Similarly 

P G ,i( L a(^i n = ^(Pg,!^ n Wl ) ~ l^Pg^ n n*)). 

Then £g;|/Cinn fl is compactly embedded into L q {K,\ D Or) if 1 ^ g < 

Similarly, on P Gi2 /C 2 we have mes n _ 5 (S n - 4 )2- 2i f i ( J R - l) n - 5 ^ ra 2 ^ mes n _ 5 (§ n - 4 )(i? + 
l) n ~ 5 . Repeating the arguments of previous paragraph, we obtain that £g;|/einn fl is compactly 
embedded into L q (JC 2 H ft R ) if 1 ^ g < p* 5 . 

Thus £gj is compactly embedded into L q (flR), if q £ [1, maxjpg,^*,^}) = [1, . □ 

Corollary 5.2. There exists such Cq that for all u £ 

cui?*"' ||u||, < ||Vm|| p , (43) 

where cq does not depend on R. 

Proof: Repeating the arguments of Lemma 12.21 we obtain 



u\ q dx ^ I / \Vu\ p dx 
n R r\K! \irDK.! 



^ ( "" 5,<; " 1) / H ' dx * / |v ^ 




■ 



n R mc 2 \2i?n/c 2 

As R > 2, statement of lemma follows immediately □ 

Lemma 5.2. Let Xr £ F\ be a sequence of points, such that the type of their orbits does not 
depend on R. Suppose that 

1) ur <E Cg k is a sequence of functions supported inside *Bg k (x R , p R ), where pr = R ■ o R (l) 

and 

2) If xr is a sequence of points of general position in F\, suppose additionally that 
dist(x K ,jVU M) - p R ^ c> 0. 

Then such a sequence of maps Pr exists that 

J \u R \ q dx = me Sl (g' k x R ) J \P R u R \ q dP R (x) ■ (1 + o R (l)), (44) 
n R p R n R 

J \Vu R \ p dx = mes 1 (g' k x R ) J \V(P R u R )\ p dP R (x) ■ (1 + o R (l)). (45) 
n R p R n R 

If n = 6, relations (jHJ) and fj45|) hold also for a concentration sequence x R £ F 2 . 
The same statements holds for functions with symmetry group Q' Q . 

Proof: The first statement can be proven by repeating the steps given in the proof of 
Lemma [2731 to global profiles P g ,iUr- 

The second statement can be proven by applying Lemma [T731 to identities ([35]) and (T4"Uj) . 
since A% — I5. □ 



Observing that global profiles Pg,iUr and local profiles PrUr are radially symmetric with 
respect to F 2 and repeating the arguments given in Section 2, we can recover a sequence of 
functions from any sequence of axially symmetric local profiles. 

We can repeat the proof of Lemma 12.41 using Lemma 15.11 instead of Lemma 12.11 and obtain 

Lemma 5.3. Let p G (l,oo) and q G Let sequence Ur G Cg> be such that ||Vwr|| p ^ 

CRp i and suppose that for some p > 

sup / u q R dx = or(1). 

aieM™ J 

3S e ,(x,p) 

Then f u q R dx = or(1). 
n R 

Remark 5.1. Suppose that sequence ur G Lg> be such that || V«r|| p ^ CRp i and J \u R \ q dx ^ 

i™ 

c > for some q G (p, p^-i) an< ^ some c independent of R. Then for any p > 



lim sup / \u R \ q dx > 0. 

R-^-oo x€R n J 

® e /(a;,p) 

Thus, sequence ur has at least one concentration sequence. 

Next two lemmas are analogues of Lemmas 13.11 and 13.21 and allow to separate a neighbour- 
hood of concentration sequence or to clear a neighbourhood of non-concentration sequence. 

Lemma 5.4. Let vr be a sequence of Q' k -invariant functions. Let xr G F\ be a concentration 
sequence for vr, i.e. for any e > there are such radii p > and p'{R) that |3|) holds. Without 
loss of generality suppose that p'(R) satisfies conditions of Lemma \2.3[ Consider Q' k -invariant 
cut-off function o such that 

a[x) = 1 if x G *&g> k {x R , - ) 

P + 5p'(R), 



a(x) = 1 if x ^ *Bg> (x R , 



6 



™ , 2p'(X)+P w ™ , p'(R) + 2p s 
a(x) = if le^fe-^jW^^ P -\ 

,„ , 12 
Va < 



P'(R)-P 



Then 



\av R \ q dx >(l-e) J \v R \ q dx (46) 
J \V{av R )\ p dx = J \Vv R \ p dx(l + o R (l)). (47) 

Ur Qr 

If n = 6, relations ( )46l) and ( 1471) hold also for concentration sequence x R G F 2 . 

Proof: We repeat the proof of Lemma I3TTI using inequality fj4U]) instead of ffl~9j) . □ 



Lemma 5.5. Let v R be a sequence of Q' k -invariant functions. Suppose that sequence xr G F\ 
is not a concentration sequence for vr, i.e. for any e > there are such radii p'(R) that (RU 
holds. Without loss of generality suppose that p'(R) satisfies conditions of lemma \2.3[ Consider 
Q' k -invariant cut-off function a such that 

a{x) = if x G *Bg k {x R ,p'{R)) 

2p + p'(R), 



a{x) = 1 if x £ %$g> k {x R 
IVtrl ^ 



P'(R)-P 



Then estimates (1461) and (14"T|) hold. 

If n = 6, relations (|46|) and (|47|) hold also for non- concentration sequence Xr G F2. 

Proof: We again repeat the proof of Lemma I3.1[ using inequality ([7j) instead of (j3J) and 
inequality flU instead of (USD . □ 



6 General case with 4D main subspace. Construction of 
solutions 

Similarly to Section 4, we minimize the functional J[u] on the set 

Cg> k = {t)G : inequalities (|30|) . ( 13TT) hold}, 

with defined in ([29]), x > is such that N ■ R ^ A K and N • R G" A K and 5 > will be 
chosen later. The existence of minimizer ur is established by repeating the proof of Lemma |4~T1 
verbatim. Repeating the proof of Lemma 14.21 we obtain that sequence of minimizers satisfies 
estimate (1521) . 

Lemma 6.1. Let ur be a sequence of minimizers. Let xr is a concentration sequence for Ur. 
Then 

1. If n ^ 7 ; xr is equivalent to a sequence yR G F±; 

2. If n = 6, xr is equivalent either to a sequence yR G F\ or to a sequence zr G F 2 . 

Proof: Define d^i = dist(xR,Fi) and d Rt2 = dist(x.R, F 2 ). Let d Rt i — > 00 as R — > 00. By 
Lemma 11.11 for some p > we have 

< - < J u q R dx. 

k 

1) Suppose that liniR_ s . 00 d Rj2 = 00. Apply the map Pq,3 defined in Lemma I5TT1 Then we 
have for P G<3 x G P G>3 (<Bg k (x R , p)) 

cid RA ^ r ^ c 2 d R x, c 3 d R>2 ^ r x ^ c 4 d Rj2 . 

Therefore 

~ < C 5 J (P G ,3UR) q r^ ri dP G , 3 x ^ C Q d R ^ J {P G ,3UR) q dP G ^x. 

PG,3(<&g,(xR,p)) P Gt3 (<% gl (x R ,p)) 



By Proposition 11.11 we have 



Then 



and thus 



Ai ^ CVd^d^ >q J \V(P G , 3 u R )\ p dP G>2 x. 



A« < C 8 ^ 2 4 >x n * ; / \Vu R \ p dx 



®g i J,XR,p) 



/ p 1_£ (n — K\C\ — P\ 
\Vu R \ p dx^C^d R ^d\ x (48) 

Recall that d 2 R1 + d R2 = R 2 , so either d Rt2 ^ f , or d^i ^ ~. In both cases the right-hand side 

_____ p 

of inequality (148]) grows faster than R ^ , which contradicts the estimate (1321) . If n = 6, this 
concludes the proof. 

2) Suppose that ^ C for all i?. Apply the map P G2 defined in Lemma 15.11 Then we 
have c 5 R < r x < c 6 i? for P G)2 x e P G , 2 ( < 8g>AxR, p)) and 



< Ci y (PG,2U R ) q r^ 5 dP Gt2 x ^ C 2 R n ~ 5 J (P Gt2 u R ydP G>2 x. 

P G , 2 (<B g , k (x R ,p)) P Gi2 (<8 g , k (x a ,p)) 



By Proposition 11.11 we have 

A « < C 3J R (n - 5) " J MP Gi2 u R )\PdP G>2 x. 



Then 



and thus 



k 



Oii,p) 



J[ur] > J \Vu R \ p dx > C^R 



5l?(»-5)(l-|) j 



fc 

which contradicts estimate ( 132]) . if n ^ 7. □ 
Let us discuss the multidimensional analogues of Lemmas 14.31 - 14.61 

If n ^ 7, statements and proofs of all these lemmas hold with group Q' k replacing Qk- If 
n = 6, then Lemma [4.31 also holds. 

The following statements are a 6D analogues of Lemma 14.41 and Lemma 14.51 

Lemma 6.2. (minimal orbit principle) Let u R be a sequence of minimizers of functional (j2J) 
on the set Cg> . Then if concentration sequence y R inside Extvl x exists, it lies in Af , and the 
concentration sequence x R inside IntA^ lies in Ai. 

Lemma 6.3. Let 5 = and let u R be a sequence of minimizers of functional ([2D on Cgi . 
Then a strict inequality holds in l[31\) if R is large enough. 



The proofs in case n = 6 are similar to cases n = 4 and n ^ 7 with iVo replacing N . 
Lemma 14.61 in the case n = 6 also holds. Thus, for n^6we obtain the following theorem: 

Theorem 6.1. Let p G (l,oo), q G fe G N. Then there exists Rq = Ro(n,p,q,k) 

such that for any R > R boundary problem (JTJ has a positive weak solution concentrating in 
neighbourhood of M ■ R. 

Obviously, solutions provided by this theorem have different concentration sets and are 
different if R is large enough. We obtain 

Theorem 6.2. Let p G (l,oo), q G (p,Pn-i)- Then for any natural K there exists such 
Ro = Ro{n,p,q,K), that for all R > Rq problem (QJ] has at least K nonequivalent positive 
solutions. 



7 General case with even-dimensional main subspace 

If n is large enough, we can consider more general symmetry groups, leading to solutions 
different from those presented in previous sections. 

Let n = 2m and let group Gk be generated by n x n-matrices 



f T v 

T, n 







\ 




T 



Si 



J 



2tt 
k 





V 



% 



( b~i,<j(i)h h,a{2)h 
82,<t(i) h 82,(7(2) h 



... \ 

I 2 ... 

... I 2 ) 

■ <5l,o-(m)-?2 ^ 
• 02,o-(m)^2 



m,o-(2)^2 • • • ^m,o-(m)^2 J 



The orbit of any point except the origin under the action of group Gk has dimension 1. 



We will say that vector x 



(Xl,X 2 , 



, X2m-i,x 2m ) consists of m pairs (x 2 j-i,x 2 j) ,j 



1, . . . , m. Note that for a given x 1Z V and Sk conserve the norm of any pair and T a conserves 
the set of norms of all pairs. 

It is reasonable to classify points by a number of nonzero pairs, or, equivalently, by dimension 
of coordinate hyperspace containing one connected component of orbit of point under the action 
of group Gk- Denote by J 7 ; a set of points with exactly / nonzero pairs. Then we can present a 
following classification: 

1. All points in T\ have length t 2ixm\x\. For the sake of uniformity we put M.\ = T\. 

2. Points in Ti, I ^ 2, are split into two subclasses: 

(a) Points with equal norms of all their pairs. The length of orbit of any such point is 
2{^jk l ~ 1 'K\x\. Set of all such points will be denoted Aii. 

(b) All other points. The length of orbit of any such point is not less than 2m( r ?) k 1 ^ 1 ', 



7T\X\ 



and not greater than 2l\nk 



1-1 



x\ 



Remark 7.1. There exists ko = ko(m) such that if k ^ k , I G {1, . . . , m — 1} ; x G T\ and 
y G then mesi(£ fc a;) < mesi . 



We give a thorough classification of orbits of group Gk i n the case n = 6. 

1. Points in T\ = Aii, for example, points Mi = (1, 0, 0, 0, 0, 0) and Mi • R. Orbits of such 
points have length 67r|x|. [E 

2. Points in M. 2 , for example, points M 2 = (^,0,^,0,0,0) and M 2 • R. Orbits of such 
points have length 6/c7r|x|. 

3. Points in Ti \ M.2- Orbits of such points have length 12fc7r|a;|. 

4. Points in Ai 3 , for example, points M 3 = (^, 0, 0, 0) and M 3 • i£. Orbits of such 
points have length 2k 2 n\x\. 

5. Points which have exactly three nonzero pairs and only two of their moduli are equal. 
Orbits of such points have length 6/c 2 7r|x|. 

6. All points not mentioned in previous items. Length of their orbits is 12k 2 ir\x\. These are 
general position points, and their complement on §6 has measure zero. 

The degeneracy graph in the case n = 6 is following: 

general position 



points described in item 5 general position in Ti 




T x = Mx 

Similarly to the case n = 4 one can obtain that the following analogues of Lemmas 12. II - I2TB1 
hold: 

Lemma 7.1. There exist a the map Pq '■ K n — > M ra_1 , the weight function K>(y) and (n — 1) x 
(n — 1) -matrix function A(y) such that 

1. the weight function to is 1-homogeneous and strictly positive; 

2. the matrix function A is ^-homogeneous and uniformly elliptic; 

3. for any 1 ^ p, q < 00 and any Gi-invariant function u we have 

J\u\ q dx= J \P G u\ q Xo(P G x)dP G x] (49) 
n R p G n R 

/ iv«r* - J (Mp ax mp a u), v,p g1i) ) s w(Pox)iPoX . (50) 



Pg^r 



2 J- 1 n §6 consists of exactly one orbit GkMi 



Lemma 7.2. Let v G WHPgQr) and v = on Pc(dD,R). Then there exists a unique function 
u G C^r such that PqU = v. If v is invariant with respect to the group generated by block- 
diagonal matrices 



( Tk 

k 




V 





h 






\ 



h o 

1/ 



/ h o 

I 2 



\ 








k 








1 / 



then u G C 



Qk ' 



Lemma 7.3. Let xr be a sequence of points, such that the type of their orbits does not depend 
on R. Suppose that 

1) ur G Cg^ is a sequence of functions supported inside *B^(x/?, Pr) , where pr = R ■ or(1) 
and 

2) For xr G Ti, I ^ 2, suppose additionally that dist(xij, T\ U . . . U Ti-\) — Pr ^ c > 0. 
Then there exists a sequence of maps Pr such that relations fliZTT) and fliZiZl) hold with group 

Gk replacing Q k . 



Fix l Q G {2, . . . , m}. Consider the set 

A x = {x : dist(a;, A^; ) ^ x|x|} . 



(51) 



where x > is such that T\ fl A K = for all I < l . We minimize J[u] on the set £^ of 
functions v G Cg^ such that conditions (!30l) and (|3T!) hold with 5 > to be chosen later. 

Proposition 7.1. Lei A; ^ ko(m). Then orbit of Mi ■ R G Aii is the shortest one in ExtA^, 
orbit of Mi ■ R G Aii is the shortest one in lntA x , and all orbits on dA K are longer than orbit 
ofM l0 -R. 

Using this proposition, we obtain that Lemma \A. 31 holds. Minimal orbit principle also holds 
in the following form: 

Lemma 7.4. Let ur be a sequence of minimizers. Then if a concentration sequence yR inside 
Ext A^ exists, it lies in Mi, if a concentration sequence zr on cL4 x exists, it lies on M.i Q+ \, 
and the concentration sequence Xr inside \jitA K lies in M.i . 

The following lemma is analogue of Lemma 14.51 



Lemma 7.5. Let 5 



— , and let ur be a sequence of minimizers of functional ([2]) on 



Cg k . Then a strict inequality holds in l[31\) if R is large enough. 

Lemma 14.61 and Remark 14.21 hold, and thus the following theorem holds: 

Theorem 7.1. Let p G (l,oo) ; q G {p.p^^), k G N, k ^ k (m). Then there exists Ro = 
R (p,q,n,k) such that for any R > Rq the boundary problem §T§ has a positive weak solution 
concentrating in a neighbourhood of Qk(Mi ■ R). 



o2m 



Let n = 2m + mo, mo ^ 2. As we did in Chapter 5, we introduce decomposition IR n = 
x R m ° and consider groups Q' k — Qk x O(m ), k G N. As before, subspace Fi = R 2m x {0} 



will be called "body", subspace F 2 = {0} x W m ° will be called "tail". 



Points in F± are classified as it was done for Qk, and the degeneracy graph in case m = 3 is 
following: 

general position 



general position in f 3 
(=general position in Fi) 



points in F\ described in item 5 general position in Ti 



Consider the minimizer of functional (J2l) on the set C^r of functions v G Cpr such that 

conditions ( l30l) and ( 13T1) hold with 5 > to be chosen later. 

Repeating the arguments of chapters 5 and 6, we obtain that the estimate ( 132]) holds. The 
following lemma is the analogue of Lemma 16.11 

Lemma 7.6. Let ur be a sequence of minimizers. Let xr is a concentration sequence for ur. 
Then 

1. For niQ ^ 3 ; xr is equivalent to a sequence vr G F%; 

2. For m Q = 2, xr is equivalent either to a sequence vr G Fi or to a sequence z R G F 2 . 

The case mo ^ 3 can be treated as the case ttlq = 0. In case mo = 2 Lemma 14.31 holds and 
following analogues of Lemmas 14.41 and 14.51 hold: 

Lemma 7.7. (minimal orbit principle) Let ur be a sequence of minimizers of functional ([2]) 
on the set C^r. Then if concentration sequence dr inside ExtA H exists, it lies in F 2 , and the 
concentration sequence xr inside IntA x lies in M.i . 

Lemma 7.8. Let 5 = 1+ ^ kl _ 1 , and let Ur be a sequence of minimizers of functional (J2]) on 

Cg k . Then a strict inequality holds in (3l\) if R is large enough. 

Lemma 14.61 and Remark 14.21 hold, and thus the following theorem holds: 

Theorem 7.2. Let p G (l,oo), q G (jo,^*^), k G N, k ^ ko(m). Then there exists Ro = 
Ro(p,q,n,k) such that for any R > Rq the boundary problem ([I]) has a positive weak solution 
concentrating in a neighbourhood of Q' k (Mi ■ R). 



Acknowledgements 



Author would like to thank Professor A.I. Nazarov, without whose advices this work would not 
be possible, and Professor V.G. Osmolovskii, who did the much needed proofreading. 



References 



[1] S. V. Ivanov; A. I. Nazarov. Weighted Sobolev-type embedding theorems for functions 
with symmetries. (Russian) // Algebra i Analiz 18 (2006), no. 1, 108-123; translation in 
St. Petersburg Mathematical Journal, 2007, 18:1, 77-88 

[2] A. I. Nazarov. On Solutions to the Dirichlet problem for an equation with p-Laplacian in a 
spherical layer. (Russian) / / Proc. St. -Petersburg Math. Soc. 10 (2004), 33-62; translation 
in Am. Math. Soc. Translations. Series 2. 214 (2005), 29-57. 

[3] O. A. Ladyzhenskaya and N. N. Uraltseva. Linear and Quasilinear Elliptic Equations. 
(Russian) // Nauka, Moscow (1973); translation of the 1st ed.: Academic Press, New 
York (1968). 

[4] A.I. Nazarov. The one-dimensional character of an extremum point of the Friedrichs in- 
equality in spherical and plane layers. (Russian) / / Probl. Math. Anal. 20 (2000), 171-190; 
translation in J. Math. Sci. 102 (2000), 5, 4473-4486. 

[5] J. Byeon. Existence of many nonequivalent nonradial positive solutions of semilinear elliptic 
equations on three-dimensional annuli //J. Diff. Eq., 136 (1997), 136-165. 

[6] C.V. Coffman. A non-linear boundary value problem with many positive solutions //J. 
Diff. Eq., 54 (1984), 429-437. 

[7] N.Trudinger. On Harnack type inequalities and their application to quasilinear elliptic 
problems // Comm. in Pure ad Appl. Math. V. 20 (1967), P. 72 1-747 

[8] Kolonitskii, S. B. Multiplicity of solutions of the Dirichlet problem for an equation with the 
p-Laplacian in a three-dimensional spherical layer. (Russian) Algebra i Analiz 22 (2010), 
no. 3, 206-221; translation in St. Petersburg Math. J. 22 (2011), no. 3, 485-495 

[9] R.S.Palais. The principle of symmetric criticality // Comm. in Math. Phys. V. 69 (1979), 
P. 19-30. 

[10] A. Malchiodi. Consrtuzione di spike-layers multidimensionali / / Bolletino U.M.I. V.8, 
N0.8-B (2005), 615-628 

[11] P.L. Lions. The concentration-compactness principle in the calculus of variations. The 
locally compact case // Ann. Inst. H.Poincare. Anal. Nonlin. V.l (1984), P.109-145, 223- 
283. " 

[12] Y.Y. Li. Existence of many positive solutions of semilinear elliptic equations on annulus 
// J. Diff. Eq., V.83 (1990), P.348-367. 

[13] B. Kawohl. Rearrangements and convexity of level sets in PDE / / Springer Lecture Notes 
in Math., V.1150, (1985). 

[14] E. Hebey, M. Vaugon. Sobolev spaces in the presence of symmetries //J. Math. Pures 
Appl. V.76, No.10 (1997), 859-881 



